The Relativistic Particle: Dirac observables and Feynman propagator 
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We analyze the algebra of Dirac observables of the relativistic particle in four space-time di- 
mensions. We show that the position observables become non-commutative and the commutation 
relations lead to a structure very similar to the non-commutative geometry of Deformed Special 
Relativity (DSR). In this framework, it appears natural to consider the 4d relativistic particle as 
a five dimensional massless particle. We study its quantization in terms of wave functions on the 
5d light cone. We introduce the corresponding five-dimensional action principle and analyze how it 
reproduces the physics of the 4d relativistic particle. The formalism is naturally subject to diver- 
gences and we show that DSR arises as a natural regularization: the 5d light cone is regularized as 
the de Sitter space. We interpret the fifth coordinate as the particle's proper time while the fifth 
moment can be understood as the mass. Finally, we show how to formulate the Feynman propagator 
and the Feynman amplitudes of quantum field theory in this context in terms of Dirac observables. 
This provides new insights for the construction of observables and scattering amplitudes in DSR. 
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Introduction 

There has recently been an increasing interest in the- 
ories of Deformed Special Relativity (DSR). Tentatively 
introduced as Lorentz invariant theories with modified 
dispersion relation taking into account a universal length 
(or mass) scale they are believed to provide grounds 
for a phenomenology of quantum gravity in the semi- 
classical regime. In three space-time dimensions, it has 
been shown that matter degrees of freedom are described 
after integration over the metric fluctuations by an effec- 
tive non-commutative quantum field theory which pro- 
vides an explicit realization of a DSR theory 0. There 
also are several heuristic arguments for 4d quantum grav- 
ity [H , even though we do not yet have a definitive deriva- 
tion of a DSR quantum field theory from quantum grav- 
ity. It is nevertheless important to understand how to 
build a consistent quantum field theory based on such De- 
formed Special Relativity. On one hand, it would provide 
us modifications of scattering amplitudes which could be 
tested experimentally in particle accelerators or in cos- 
mological context; on the other hand, it might provide us 
some insights in the structure of a full quantum gravity 
theory. 

DSR is usually presented as a theory based on a curved 
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momentum space: the momentum does not live in the 
standard flat 4d Minkowski space but in the de Sitter 
space (e.g. Q). This curvature induces by duality the 
non-commutativity of the space-time coordinates. The 
goal is to write a quantum field theory on such a back- 
ground. Our strategy is to re-examine Special Relativity 
(SR) and the structure of the algebra of observables of 
the relativistic particle in order to understand its exten- 
sion to DSR and provide the deformed theory with solid 
foundations. 

Starting with a standard massive relativistic particle, 
we first construct the set of strong Dirac observables. 
These are the phase space functions which commute ev- 
erywhere in phase space with the Hamiltonian constraint. 
These "constants of motion" correspond to the measur- 
able quantities. In this simple case, they are generated by 
the 4- momentum and the Lorentz generators j^„. To- 
gether, they generate the Poincare Lie algebra. However, 
if we are interested in probing the structure of space-time, 
we would like to identify suitable space-time coordinates 
which are Dirac observables. The coordinates x^ obvi- 
ously are not observables. To construct good coordinate 
functions, we use the concept of relational observables: 
we choose one of the degree of freedom of the system as 
the clock and we describe the evolution of the remaining 
degrees of freedom in term of that internal time. One 
usually chooses the time coordinate xq as the clock. This 
leads to the Newton- Wigner position operators [|[ . They 
are Dirac observables, but they are not Lorentz covariant. 
Thus we chose to work with the Lorentz invariant clock 
x^p^. They lead to well-defined Lorentz covariant posi- 
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tion observables X^. Together with the p^'s, these new 
coordinates generate the whole algebra of observables. 

Observing that using X^ leads to the impossibility to 
define a time evolution as well as complications in the 
quantization procedure, we extend the analysis to the 
Lorentz covariant position weak observables X^, that is 
the position observables that commute with the Hamil- 
tonian constraint only on shell. 

In section II, we recall how the choice of scalar prod- 
uct is of fundamental importance to define the quantum 
observables: dealing with the kinematical or the physical 
scalar product leads to different result for the self adjoint 
position operator X^. 

In section III, we recall how the X^ non-commutativity 
reflects the impossibility of localizing the quantum rela- 
tivistic particle with an accuracy better than the Comp- 
ton length. This non-commutativity turns out to be very 
similar to the one encountered in DSR. This initial ob- 
servation shows that Special Relativity already contains 
the seeds of its extension to DSR. 

In section IV, we show that the algebra of the X,p,j 
observables is naturally quantized as operators acting on 
the space of functions on the five-dimensional light cone: 
the massive 4d relativistic particle becomes a massless 5d 
system. We also make explicit the isomorphism between 
this new space of wave functions on the 5d light cone and 
the standard wave functions on the flat Minkowski space. 

In section V, we further introduce a 5d action princi- 
ple for the 4d massive relativistic particle. We study the 
map between the new 5d coordinates and the usual 4d 
coordinates (x,p). It appears that the fifth moment ac- 
tually generates the Hamiltonian flow of the relativistic 
particle: this new fifth component of the momentum can 
be considered as the (rest) mass of the particle. 

However, most of the Poisson (and Dirac) brackets in- 
duced in 4d become singular on the 5d light cone. There- 
fore, we introduce a regularization slightly moving away 
from the 5d light cone: the 5d momentum now lives on 
the de Sitter space. The resulting modified 5d action has 
been shown in [|| to generate the DSR theories as differ- 
ent gauge fixing choices. From this point of view, we here 
show that DSR appears as a natural regularization of SR 
at the level of the algebra of observables. 

In section VI, we exploit the 5d reformulation of the 
relativistic particle to write a 5d representation of the 
Feynman propagator (for a massive scalar field). Once 
again, the expression becomes singular on the 5d light 
cone. Nevertheless, we show that the Feynman propaga- 
tor can be written exactly as a integral on the de Sitter 
space of moments. This analysis leads to interpreting 
the fifth space-time coordinate as the proper time of the 
particle. 

Going further in the analysis of the Quantum Field 
Theory amplitudes, we show how the Feynman loop dia- 



gram evaluations can be written as expectation values of 
some (time ordered) Dirac observables of the relativistic 
particle. We hope to be able to generalize this to DSR. 
This would be a definite first step towards deriving the 
Feynman amplitudes in DSR and constructing a consis- 
tent S-matrix describing the scattering of particles. 

In the last section, we introduce the necessary frame- 
work to deal with particles with spin. We perform the 
canonical analysis and write the corresponding Dirac 
observables. We insist on the fact that the spin al- 
ready induces a (Moyal-like) non-commutativity of the 
space-time coordinates at the classical level. This non- 
commutativity is distinct from the non-commutativity 
of the position observables (which is of a K-deformed 
Poincare type) and leads to further difficulties in the 
quantization of the algebra of Dirac observables. 

I. DIRAC OBSERVABLES FOR THE 
RELATIVISTIC PARTICLE 

A. Position observables 

We start with the phase space of the relativistic parti- 
cle: 

{x^Pu} = rj^, (!) 

where we choose the fiat metric 77^ = (H ). The 

Hamiltonian constraint for a massive particle is H = (p 2 — 
to 2 ) = and the action is: 

S = J p^dx^ - XH, (2) 

where A is a Lagrange multiplier. We are interested into 
the Dirac observables, which are the phase space func- 
tions which Poisson-commute with H. They are gener- 
ated by the momenta p^, which generate the translations, 
and the generators of the Lorentz transformation: 

j [IV — KflPl' %uP[l- (3) 

Nevertheless, we would like to have some Dirac observ- 
ables giving the position of the particle. For this purpose, 
we use relational observables [7[. These are constructed 
from two arbitrary phase space functions a, b and defined 
as a function of an arbitrary real parameter T: 

A b (T) = f dTa{T)b{T)5(b( T )-T). (4) 
Jr 

We have introduced the notation /(r) for the Hamilto- 
nian flow of the phase space function /: 

/(T) S e-W.->/. 
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It is straightforward to check that Ab(T) is a Dirac ob- 
servable, whatever the value of T. It represents the value 
of a when the clock b indicates T. It is then natural to 
choose a clock b = x ■ v with v an arbitrary fixed (time- 
like) vector and the function a — indicating the par- 
ticle's position. This way, we define the following Dirac 
observables: 

yfr)(D = + -gg- (T - x ■ v) = 3 ^ VV + TVil , (5) 
p p ■ v p ■ V 

which defines the values of the four coordinates at the 
time x a v a — T. When v — (1,0,0,0), the time is sim- 
ply the time coordinate x$. These position observables 
commute with each other: 

{AfW(T),^)(T)} = 0. 

However, the xjf (T) are not Lorentz-covariant, since 
they are constructed using a fixed vector . The simplest 
solution to address this problem is to take the special 
vector v = p: we choose as clock the dilatation b = x-p = 
D. This leads to the following position observables: 

X,(T) =x ll + P -±{T-D)= k > i + a rp " , (6) 
p z p z 

with 

*V = j^P v = X ^P 2 - P^ D - 

To understand the physical meaning of these coordinates, 
it is useful to write them as: 

UV = (ir- 2 f)°r + T^. (7) 

We always have X(T) -p — T and the coordinates X^T — 
0) are simply the transversal coordinates of the vector 
x wit respect to the particle trajectory. More precisely 
D = x ■ p = corresponds to the 'perihelion' P of the 
particle's trajectory, i.e. the event when the particle is 
the closest to the origin. Then T counts the proper time 
along the particle's trajectory from P. 

Let us work at some fixed time Tq. The coordinates 
x M can not be reconstructed solely from the variables 
XpiTtyjiPp since they are Dirac observables and x^ is not. 
To invert the relation between the x's and the X(Tq)'s, we 
need the dilatation D, which is not a Dirac observable 1 . 
Then specifying the four coordinates x^ is equivalent to 
specifying the 5-vector (D, X^Tq)), which is the paral- 
lel and transversal projections of x with respect to the 
vector p (up to the shift Tqp^). 



Indeed {D,p 2 } does not vanish. More precisely, one can check: 
{D,p 2 } = 2p 2 , {D,x 2 } = -2x 2 , {p 2 ,x 2 } = ~4D, 



Let us look at the algebra generated by the X^(T). 
The key remark is that the j^v's and k^'s form a so(l, 4) 
algebra: 

k v } = -{p 2 )j„ v . (8) 

This implies that the X^s do not commute with each 
other: 

{Xp(T),X u (T)} = - 3 J%-. (9) 

We also have a deformation of the canonical Poisson 
bracket: 

{X„(T),p u } = r 1 ^-^. (10) 

This is the projector onto transversal modes (orthogonal 
to the direction of the motion p^). Finally, we compute 
the action of the dilatation: 

= {D,p,} = +p„ {D,j^} = 0. 

The essential point for our discussion is that the j Mt , and 
the rescaled 2 positions yp^X^ form a so(4, 1) algebra 
under the Poisson bracket. This is reminiscent of the 
Snyder algebra for a Lorentz covariant non-commutative 
geometry [9(. Actually this link can be made precise as 
we will see in the next section II Bl The interesting point 
is that the Snyder algebra is related (through a change 
of basis) to the K-deformed Poincare algebra encountered 
in theories of Deformed Special Relativity [§]. In some 
sense, we show here that standard Special Relativity itself 
already contains the seeds of DSR. 

We now compute the values of the two Casimir oper- 
ators of the so(4, 1) algebra. For the quadratic Casimir, 
we find : 

C 2 = \j^f V - P 2 X,(T)X^(T) = -T 2 . (11) 

The time becomes a Casimir of our algebra of Dirac 
observables (j,X(T)). Then, introducing the Pauli- 
Lubanski vector uj^ = € l iaf3 1 X a jP~ < — 0, the quartic 
Casimir turns out to be trivial: 

C 4 = lu^ 1 = 0. (12) 



so that D/2, p 2 /2 and x 2 /2 form a s[(2,R) algebra. This is the 
starting point of 2-time physics Q . 

2 Since the X's commute with the Hamiltonian, we can rescale 
them by any function of p 2 without complicating their Poisson 
brackets. Moreover the coordinate choice \fp^X^ is invariant un- 
der dilatations generated by D: these are the natural coordinates 
to consider when using D as time 

3 We compute the Lorentz invariant: 

X„X^ = x M z" + ^-(T 2 -D 2 ). 
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This means that we are dealing with a simple represen- 
tation of the algebra fio(4, 1), which can be realized as 
functions on the 5d light cone Co, on the one-sheet hyper- 
boloid SO (4, l)/SO(3, 1) (which actually is the de Sitter 
space) or on the two-sheets hyperboloid SO(4, l)/SO(4). 

At the level of the action, we compute the kinetic term 
p^dx^ in term of the coordinates X^{T) and find: 

p^dx^ = p^dX^ + (r 2 ~ 2 ^W + dD. (13) 

Therefore the action can be written up to total derivatives 
as: 

S' = J p^dX^+Hdi^^j-XH-^X^-T). (14) 

This leads to two considerations. First, D/p 2 can be con- 
sidered as a new fifth coordinate, conjugate to the Hamil- 
tonian constraint H = p 2 — m 2 . It thus seems possible 
to provide the relativistic particle with a five-dimensional 
action principle. Second the five dimensions are reduced 
to the usual four dimensions by an extra constraint. This 
second constraint do not commute with the Hamiltonian 
constraint H = and can therefore be considered as a 
gauge fixing condition lifting the first class constraint H 
to a second class constraint system. This is analyzed in 
details in section [Tvl 



B. Strong observables versus weak observables 

Up to now, we have considered strong observables, that 
commute exactly with the Hamiltonian constraint. Wc 
would like to propose to use weak observables instead, 
that commute with the Hamiltonian constraint only on 
the mass-shell. 

Indeed, first, from the point of view of the quantiza- 
tion, the factors 1/p 2 and yjp 2 occurring when consider- 
ing the Dirac observables X^ (T) would not be easy to deal 
with when quantizing the algebra of observables. Then, 
from the point of the dynamics, the "time" evolution in 
T of the coordinates X^iT) can not be generated from 
a Hamiltonian. More precisely, there does not exist any 
phase function H e jf such that: 



VT, {H eff ,X M (T)} 



dX^T) 
dT 



EE. 

„2 ' 



This is due to the fact that the coordinates X^{T) are 
basically the projection of the space-time coordinates Xp, 
orthogonally to the momentum p^. We can relax this 
condition by introducing the following weak observables: 



X, 



■,{T) = (j}^ 



ry I X | J- ty X 

m / m 



1 1 1 — (T — x l ' p v ) 



In contrast to the previous situation, this relation is in- 
vcrtible off shell 4 and we can express x^ in terms of 
X^(T = 0): 



p z — m z ' 



(15) 



These do not strongly commute with the Hamiltonian 
constraint anymore: 



{H,X,(T)} = -2p M [1-^5 ) = (16) 



but the Poisson bracket still vanishes on-shcll. 
Xfj,(T) still do not commute with each other: 



{X^T),X V (T)} = - 



The 



(17) 



The (p,X,j) algebra is very similar to the previous 
(p,X,j) algebra, but the 1/p 2 factors are replaced by 
constant 1/m 2 factors. The observables and mX^ 
form a so (4, 1) algebra. Moreover, the (p, X,j) algebra is 
now exactly the Snyder algebra related to a K-deformed 
Poincare symmetry with deformation parameter n = m. 
This provides an exact link between the algebra of Dirac 
observables of the relativistic particle and the phase space 
structure of the deformed relativistic particle. 

A further advantage of the X observables on the X 
coordinates is that the p 2 factors are replaced by m 2 con- 
stants: we do not have to deal with any \pp 2 factor when 
quantizing (compare ^[pPX^ to the simpler mX^). Of 
course, other subtleties will arise. First, although the 
quartic Casimir will still vanish, the quadratic Casimir 
Ci will only be equal to — T 2 on the mass-shell. Then, 
as we will discuss in the paragraphs below, although the 
operators X^ will of course be Hermitian for the physical 
scalar product, they will not be Hermitian with respect 
to the kinematical scalar product. 

Moreover, it is possible to generate the time evolution 
of the observables X^(T) with an effective Hamiltonian 
which turns out to be exactly the logarithm of the original 
Hamiltonian constraint: 



Ii„|«|,. M r)j = S r = <"»< T > 



m- 



dT 



(18) 



4 This is due to the fact that p.X is not a constant anymore but is 
easily related to p.x: 

-p v x" 



V 



in- 
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Finally, we can re- write the action in term of these new 
coordinates (up to a total derivative): 

p»d Xfl = p^dX^ ~\{D- T)dH, (19) 

which shows explicitly the canonical relation between the 
Hamiltonian constraint and the dilatation generator. 



C. Gauge fixing and the Dirac bracket 

The choice of a time variable can be understood as 
an explicit gauge fixing that breaks the symmetry of the 
action under time reparametrization. After gauge fix- 
ing, the symplectic form on the reduced phase space is 
given by the Dirac bracket. Given the constraint H and 
a gauge fixing condition C such that {C, H} ^ 0, the 
Dirac bracket is defined as 



{<p,i>} D = {4>M-{^c} 



l 



-{<!>, H} 



-1 



{H,C} 



(20) 



.{H,C} / 

For the standard time choice C — x.v, where v is an 
arbitrary time-like vector, we have {H, x.v} — —2p.v and 
we obtain: 



{x^,p.v} D --- [ rj^ 
{xfj^x^D = 0. 



p.v 



(21) 



p.v acts as the Hamiltonian on the gauge fixed system: 
the time x.v commute with p.v and the space coordinates 
(orthogonal to v) evolve with the usual speed defined by 
the momentum p^. The important relation linking the re- 
lational Dirac observables written in the previous section 
and the gauge fixing procedure is the equality between 
the Dirac bracket and the Poisson bracket of the observ- 
ables: 

{x^pAd - {Xji v \T),p v }, 

{x„x u } D = {X^(T),X^(T)}, (22) 

for any value of the parameter T. 

Choosing the dilatation as gauge fixing condition, C — 
D, we compute 

{X^P V \ D = Vftv - 

{Xu^X^D 77-. 

p l 

And we similarly obtain the following equalities: 
{x„,x„}d = {X^T),X„(T)}. 



(23) 



(24) 



II. QUANTIZATION OF THE WEAK 
OBSERVABLES: HERMITICITY 



We are interested in the Hermicity properties of the 
quantum operator X^. As we mentioned earlier, since 
X^{T) are only weak observables, their hermiticity prop- 
erties will differ depending if we consider the kinematical 
inner product or the physical inner product. 

In the following, we will focus on X^(T = 0) which we 
will simply denote A M . The other term +Tp fJi /m 2 can be 
easily taken into account. We work in the p-polarisation: 
wave functions are functions of the momentum p^, p acts 
by multiplication while x^ — id /dp acts as a derivation 
operator. The kinematical inner product is simply de- 
fined as (ip\4)) = J d A pifj{p)<p(p), while the physical inner 
product takes the Hamiltonian constraint into account: 



ty#) pfc = d 4 Pfl 6(p 2 -m 2 )^{p)<t>{p). 



Then, if we choose the trivial ordering for X^: 

9 - JL _ -Esl — 
opt* m z op v 

a straightforward calculation gives: 



(25) 



(yU 9 i ( d + 1 ) 

(■*■ It) kin X^ —2 Pft, 



ph 



i(d- 1) 



(26) 



where d = 4 is the space-time dimension. Therefore, at 
the quantum level, for the physical inner product, the 
correct self-adjoint operator representing the observable 
Xfj,(T) requires a complex shift: 



X»{T)=id»-i P -^d»+(T^ 



;(d-l)\ P ^ 



m 



2 ' 



(27) 



where d a is the partial derivative with respect to the mo- 
mentum variable p a . 

In the following section, we will quantize the relativis- 
tic particle using the So(4, 1) structure of the algebra of 
observables and we will check that we recover the exact 
same shift from the 5d perspective. 



III. ON THE LOCALIZATION OF THE 
QUANTUM PARTICLE 

Since we know the quantization of the position observ- 
ables Xp, we can study the issue of the localization of 
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the relativistic particle at the quantum level in terms of 
Dirac observables. 

Xfj,(T) is quantized in term of the so(4, 1) generator 
Jn4,/m- In the space-like sector /i = i = 1,2,3, the 
spectrum of Xi is discrete, fi/mZ, and space distances 
are quantized in units of Compton length lc — h/m. 
On the other hand, the spectrum of the time coordinate 
Xq oc J04 remains continuous. 

Furthermore, one can compute the exact spectrum of 
the distance operator X^X^ [l(| and one shows that the 
negative eigenvalues (corresponding to the space-like sec- 
tor) are discrete while its positive eigenvalues are continu- 
ous (corresponding to the time-like sector). As explained 
in [10|, the discreteness of the distances does not contra- 
dict the Lorentz invariance of the theory. 

Let us point out that X^X^ is not the usual metric 
x^x^ 1 . Nevertheless, it is a Lorentz invariant Dirac ob- 
servable, which coincides with x^x^ when D is fixed i.e 
when working in fixed eigenspace of the dilatation D. In- 
deed we recall that: 

X M (T)X"(T) = x^ + \{T 2 - D 2 ). 

This discrete lattice-like structure of the coordinates X^ 
naturally leads to some intrinsic uncertainties in the mea- 
surement of these position Dirac observables. Indeed, as 
shown in section II Ai the commutator of the coordinates 
reads: 



{X»,X„} = -l(l c )*if, 



(28) 



where lc — h/m is the Compton length of the particle 
(at rest). This Poisson bracket will get quantized as: 

[X M X v ]=i(l c ) 2 J^. 

From this, we expect a position uncertainty SX ~ lc, 
which is characteristic of the quantized relativistic parti- 
cle. More precisely, we have the uncertainty relation: 

(6XJ(8X„) > | 

Let us look at the space sector and consider the uncer- 
tainty in the spatial position, (SI) 2 = (SXi) 2 + (SX 2 ) 2 + 
(SX 3 ) 2 . Following arguments from [ljj, one shows that 
SI is always larger than the Compton length lc as long 
as the state is not invariant under SO(4) i.e under the 
Ji/s and the Xi's. However, if the state is invariant un- 
der SO (4), it can not be invariant under X and the un- 
certainty (SXq) will be larger than lc- A more explicit 
analysis would require more details on the action of the 
50(4,1) generators. However, from the study of so(3, 1) 
in [ll|], we expect that this would naturally lead to a 
position uncertainty always larger than lc- 



IV. QUANTIZATION ON THE 5D LIGHT-CONE 

We now proceed to the quantization of the algebra of 
observables for a fixed mass m > 0. We will see that 
the observables j,X(T),p can naturally be represented 
on the five-dimensional light cone. To this purpose, let 
us introduce the 5d coordinates ua and their conjugate 
momentum variables tta, with the symplectic structure 

{va, ttb} = tjab and the metric t\ab = (H )• We 

define the 5d light cone Co in momentum space as the 
algebraic manifold: 



C = {(tt a ) I tt§ 



0}. 



(29) 



Choosing a particular value of the time To, we identify j 
and A (To) to the 5d Lorentz generators, 

Jab = Va^b - Vb^a, 

and we will define the 4-momentum as a simple func- 
tion of the 5d momenta tta. 



2V = to — , 

so that the mass-shell condition p 2 
light- cone condition, 

™2 



-7TATT 



(30) 

to 2 becomes the 
(31) 



It is straightforward to check that this choice has the 
right Poisson bracket with A p (To) and j^. This maps 
4d massive relativistic particles to 5d massless particles 
(at the level of Dirac observables). This provides us with 
a natural 5-dimensional action principle for the 4d rel- 
ativistic particle. We will analyze this in details in the 
next section. 

At the quantum level, we will work in the y- 
polarisation. We represent the 5-momentum 7r as deriva- 
tion operators, 

d 

TTA = —IVAB-Z > 

OVB 

and the observables X^(To) becomes the differential op- 
erators Jab/'tti. 

Next we would like to identify the reference time To to 
the quadratic Casimir J abJ AE ''■ At the classical level, we 
have 5 : 

\j AB J AB = (yAV A )(n B n B ) - (y A 7r A ) 2 , (32) 
where we introduce the 5d dilatation T> — yA^ A ■ Since 



5 (yAH A ){'KB'K B ) — (ha'k a )' 2 is actually the quadratic Casimir of 
the s[(2,R) Lie algebra generated by the operator T> = yA 7rA , 
(yAV A ) and (ttatt- 4 ). 
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{yAy A ,^B^ B } = 42?, we only expect linear terms in T> 
due to ordering ambiguities at the quantum level. Intro- 
ducing the dilatation and laplacian operators, 



V = y A d A , A = d A d J 



we can compute the Casimir operator J 2 for the algebra 
So(4, 1) (we are working at d — 4): 



X -JabJ AB = y 2 A-V{V + d-l) 



(33) 



= Ay 2 -V(D + d + 3)-2(d+l) 

= ^(y 2 A + Ay 2 )-V(V + d+l)-(d+l) 

The extra term arises from the ordering ambiguity since 
A and y 2 do not commute. This is analogous to the 
extra factor met for example in the vacuum energy of the 
harmonic oscillator. Note that T> (and its square) is not 
(anti-)Hermitian, and we actually have: 

2?t = -V- (d + 1). 

The shifts in the operator JabJ AB ensure that the 
Casimir operator remains self-adjoint. 

We would like to compute the eigenvalues of J 2 on the 
light cone Co i.e on the states <p satisfying Aip — 0. We 
introduce the states ipp,\(y) = (yAP A ) X - They satisfy 
Aipp.x — as soon as P is light-like, P a Pa = 0. More- 
over they diagonalise the dilatation operator, Uippx = 
\ipp t \. Hence, we have: 

- \jabJ ab Vp,x = -A(A + d- 1) ip P> x. (34) 

We therefore identify the time to the eigenvalue, T 2 

A ; A + d — 1) . This is possible if and only if A has a fixed 
real part: 



(35) 



The time remains continuous at the quantum level, even 
though we have a minimal time unit T m i n — 3/2 (in 
Compton unit h/mc 2 ). 

To summarize, the space of harmonic functions (hav- 
ing a vanishing laplacian) form a reducible representation 
of so(4, 1) which decomposes into irreducible representa- 
tions labeled by the parameter A. These irreducible com- 
ponents are formed by homogeneous functions and A is 
the corresponding eigenvalue of the dilatation operator. 
Then the time To actually fixes which representation we 
use. 

Finally, we can check that since p^j^v, X^ all com- 
mute with the 5d dilatation T>, it is natural that we 



can represent them in an irreducible representation cor- 
responding to a single eigenvalue of T>. 

Now, we are interested in the precise mapping between 
the usual 4d wave functions and the states of our 5d quan- 
tization. For this purpose, it is easier to use the momen- 
tum polarisation and work with the Fourier transforms. 
Let us introduce the following family of morphisms be- 
tween the usual space of wave functions f(p^) and the 
space of functions on the light cone: 



6 Q : fcfcv) -> <P(tt a ) = (7r 4 r $ ( ™— 
We use the Fourier transform on Co- 

(p(y)= ( d 5 ir5{Tr A TT A )e lyAJrA <f){ir) 



(36) 



Using this Fourier transform, it is straightforward to 
check that Q gives functions which are eigenvectors of 
T> with eigenvalue 6 : 

A = -(d-l)-a. 



Using the isomorphism Q , we can compute the ac- 
tion of the operator = J^/m on the standard wave 
functions <&(p). Working in the 7r-polarisation, y acts as 
+id/dir and X^ becomes: 



d 



d 



X^ = H n^- h 1]^1T4- 

m V 07T4 OTTy 



Then defining X^ = Q 1 X A ,9 Q , we obtain: 



PuPv °<P , • Pn , ,o>7\ 
i — h la—^cp. (37) 



dp v m 2 dp, 



Computing the action of this operator on standard plane 
waves (f x (p) — e~ tp - x , we get: 

Xf V , x = ^ + ^(+ia-p v x v )^ip x . (38) 

Inserting +ia = —i(d — 1) — iX = +j3 — i(d — l)/2 in the 
previous formulae, we recognize the exact same equation 
as in (|27[) with the same imaginary shift in time —i(d — 
l)/2. This imaginary shift is purely a quantum effect. 



6 If wc had not include the S(ir 2 ) in the measure of the Fourier 
transform, we would have found A = — (d + 1) — a. This shift 
{tl + I) [d - 1) is exactly the same as above in the analysis of 
the Hcrmicity of with respect to the kinematical and physical 
inner product. 
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At the end of the day, the shift due to the ordering 
ambiguities in the 5d quantization fits exactly the shift 
required for the hermiticity of the observables (T) with 
respect to the physical inner product: the 5d quantization 
on the light cone is equivalent to the standard quantiza- 
tion of the 4d relativistic particle. 

Finally, we point out that when A is set to zero, we 
recover the representation of Snyder's non-commutative 
coordinates as differential operators in the momentum p 
(§]. Notice nevertheless that A = is actually excluded 
in our analysis due to the quantum shift in — i(d — l)/2. 



time: it generates the Hamiltonian evolution. This 
should be compared to the (effective) Hamiltonian In if 
describing the evolution the (weak) observables X as 
written in equation (|18|) . Finally, we can interpret 2/4/^4 
as the conjugate coordinate to the 5d mass it it a- 

Up to now, we have dealt with the position observ- 
ables X^. It would be interesting to recover the standard 
commutative 4d space-time coordinates. We first notice 
that: 

pfXp = n A y A - ^n A n A . 

7T4 



V. A 5D ACTION PRINCIPLE AND DSR 
A. From 5d to 4d 

Since we represent the algebra of observables of the rel- 
ativistic particle on the 5d light cone, it seems natural to 
propose the following 5d action principle for the massive 
4d particle as a massless 5d particle: 



S5d = 



dy A - A tta n J 



(39) 



We have the 5d mass-shell condition Tisd = t^a^ and the 
mass m of particle does not appear in this 5d action. The 
natural issue is how to recover the standard relativistic 
particle described in term of (a^p^). 

Following the previous section, we introduce the vari- 
ables: 



where m G 



X„ 



1 



7T 4 



(V^4 - 2/47I>) , (40) 



1+ is an arbitrary fixed parameter. They are 
both Dirac observables, {H.5d, X} = {Ti^d.p] — and we 
check their Poisson brackets: 



VliVv r y y X — 

m m 



with the Lorentz generators = yu^u] = X^p v y 

Expressing in terms of the new variables, the 5d 
kinetic term reads as, up to a total derivative: 



ir A dy A 



P^dX, 



■ In 7r 4 d (;/%,) 



l^d(n A n A ). (41) 



On-shell, it a tta is fixed (to zero) and the last term van- 
ishes. The first term is the usual 4d kinetic term stat- 
ing that p^ and X^ are conjugate momenta/positions. 
The second term involves p^X^, which is our (Lorcntz- 
invariant) clock time T measuring the proper time along 
the particle's trajectory in the usual 4d space-time. This 
identifies ln7T4 as the conjugate momentum to the proper 



On the 5d mass-shell, it a ita = 0, fixing p^X^ = T is thus 
equivalent to fixing D — i^ A yA = T . Assuming this extra 
condition, T> = T, the coordinate X^ is actually exactly 
the Dirac observables for the relativistic particle that we 
introduced earlier ([6]). More precisely, we introduce 4d 
coordinates as: 



7T 4 



(42) 



It is straightforward to check that they satisfy the stan- 
dard canonical Poisson brackets: 



, Xy } 0, 

Moreover we now have: 



n 5d = o 

V = T 



X„ 



+ ^{T-x.p)=X^T). 



Finally, writing the 5d kinetics in terms of Xu, we get (up 
to a total derivative): 



ir A dy A = P^dx^ + ln7r 4 d (ir A y A ) 



(43) 



In light of these remarks, we propose to reduce the 5d 
system to a 4d one through a gauge fixing of the 5d mass- 
shell condition TL$d- We choose as gauge fixing condition 
T> = T. It is straightforward to compute the correspond- 
ing Dirac bracket: 



{yA, tt b }d = Vab ~ 
Jab 



C*. ' 



{VA,yB}D = 



(44) 



Since p^ and X^ commute with both TL^d and the 5d 
dilatation T>, their Dirac bracket with any phase space 
function is equal to the Poisson bracket. Then we check 
that In 7T4 generates the Hamiltonian flow on the 4d vari- 
ables: 



{ln7r 4 , X^} D = {Xmii.p^D = 0, 

—2 

{hnr4,x M }D = p^ 



m 2 ir A iTA 



(45) 



The usual 4d Hamiltonian constraint TCm = p 2 — to 2 is 
easily expressed in terms of the 5d variables: 

Hid = m 2 9— • 

n 

Its flow is thus the same as the one generated by tta up 
to a factor ^tta- We check that it of course removes all 
the 7T4 and tt a tt a factors and simply we recover the usual 
relation {Hid, z^D = -%Pn- 

Therefore, if we want to recover the standard relativis- 
ts dynamics after gauge fixing, we have to add an extra- 
constraint to the 5d action and we write: 

S 5d = J ir A dy A - A ir A Tr A - ^ - M) , (46) 

where M is an arbitrary parameter. The path integral for 
this action is obviously equivalent to a relativistic particle 
with action J 7r M d?/ M — \{-k^-k^ — M 2 ). This shows that it 
is the fifth moment tt^ which generates the (rest) mass of 
the 4d particle. 

B. DSR as a regularization 

The main problem with the gauge fixing procedure is 
the singularity of the Dirac bracket at n A ir A = on the 5d 
mass-shell. A natural regularization is to allow a (small) 
deviation from and modify the 5d constraint to: 

H 5d = n A ir A + en 2 = 0, (47) 

where K € is a mass scale and e = ± the sign of the 
deviation. The full 5d action now reads: 

S 5d = J n A dy A - A {tt a tt a + en 2 ) - M (7r 4 - M), (48) 

This is actually the 5d action which generates DSR. In- 
deed, it has been shown in [|| that all the various bases of 
Deformed Special Relativity can be derived as different 
gauge fixing of the 5d constraint TL§ d . In that frame- 
work, e is required to be positive and the momentum 
space it a it a — — k 2 is the de Sitter space, K is usually 
set to the Planck mass and induces a discrete spectrum 
for certain distance operators [T^. The rest mass of the 
4d particle is obtained from the 774 constraint and is a 
function of AI (and k), the exact function depending of 
the details of the gauge fixing. 

Having k / regulates all the previous expressions. 
Moreover it allows to explicitly invert the definition of the 
4-momenta p^ = to7t^ /7T4 and express the fifth moment 
774 in term of p 2 : 



For e = +, we are constrained to work with a bounded 
momentum p 2 < to 2 . The other choice e — — leads to 
p 2 > to 2 and we discard it as unphysical. Since 114 is 
a simple function of p 2 , it is now obvious that it gener- 
ates the 4d Hamiltonian flow for the relativistic particle. 
Moreover, the parameter to loses its straightforward in- 
terpretation as the rest mass of the particle. More pre- 
cisely, imposing the constraint ir^ = M, we obtain: 

p 2 = to 2 ( 1 - . 

y V M J 

We recover the standard dispersion relation p 2 — to 2 in 
the limit k <C M when we remove the regulator k — > 0. 

This shows how classical mechanics in DSR can be con- 
sidered as a regularization of standard Special Relativ- 
ity from the five-dimensional point of view when quan- 
tizing the algebra of Dirac observables. This is consis- 
tent with the hope that DSR quantum field theory regu- 
larizes Feynman diagrams of standard QFT. This offers 
a shift of perspective on the interpretation of the non- 
commutative space-time coordinates of DSR. Indeed the 
non-commutativity of Lorentz-covariant position observ- 
ables is already present in Special Relativity (consider 
the X/j,(T) coordinates). These coordinates are not the 
true space-time coordinates, x M , but Dirac observables 
which are constants of motion. This is supported by the 
fact that the relativistic Dirac observables X^^p^ have 
the same Poisson brackets as the DSR phase space co- 
ordinates in the Snyder basis [9j. The only difference is 
that we represent the Poisson algebra of the 5d light cone 
while the DSR coordinates are realized as operators on 
the de Sitter space p], [§] . 

C. A 5d representation of the Feynman propagator 

Since we have provided a 5d representation of the rel- 
ativistic particle at both the level of the action and of 
the Dirac observables, it would be interesting to inves- 
tigate whether this picture can be extended to quantum 
field theory. More precisely, we focus on the Feynman 
propagator, from which one can then build the whole 
perturbative expansion of the scattering amplitudes. 

In the proper time representation, the Feynman prop- 
agator reads: 

K m (x^) = dT J 4e^^e' T ^-" 2+le ', (50) 

where e > is a regulator. We would like to express this 
in terms of the 5d variables {y A , tt A ). First, we write the 
mass-shell constraint in terms of the 7r's: 
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We perform a first change of variable p^ = 77171^/714. It is 
then natural to introduce the rescaled coordinates — 
mx^/ir^ to preserve the symplectic form. Finally, we do 
a change of variables from the proper time T to the fifth 
coordinate 2/4 = T m 2 TTA^ A /tt|. We obtain in the end: 

K m [x) = to 2 / dy 4 \ a _Jh^ e _^_ (51) 

A first remark is that 7r4 is still unspecified. It could 
possibly play the role of a renormalisation scale or some 
energy cut-off. Nevertheless, the measure d 4 7r M /V4 sug- 
gests a lift to a 5d integral such as d 5 WA S(tta^ A )- How- 
ever, this would conflict with the l/nA^ A term in the in- 
tegral. This is normal since imposing tta^ A = amounts 
to enforcing the mass-shell constraint, but the Feynman 
propagator is an off-shell object. 

We propose to resolve this issue by the same DSR reg- 
ularization as used earlier. We introduce the constraint 
5(-KATr A + n 2 ). Then we obtain the following 5d represen- 
tation of the Feynman propagator: 

K m (x) = ^ / d Vi [ d 5 TT A 6(TT A n A + K 2 )e™ A y A . 

We have thus written the Feynman propagator as an on- 
shell object from the 5d point of view. 

The only subtle point is that imposing ttatt a + k 2 = 
truncates the momentum space to the p 2 < m 2 sector. 
To recover the other half of the momentum space, we 
should switch the sign of n 2 and impose tta^ A — k 2 — 0. 
Therefore the full Feynman propagator, with an integra- 
tion over the whole p space, is the difference of the two 5d 
integrals with K-shell condition respectively 5(tta^ a + k 2 ) 
and 8[tt a*k A — k 2 ). 

This 5d representation of the Feynman propagator al- 
lows a clear interpretation of the fifth dimension: 7T4 rep- 
resents the mass of the particle (or more precisely the 
possibly off-shell p 2 ) while j/4 is the proper time (rescaled 
by some m/ir 4 factor). 

This 5d reformulation of the Feynman propagator 
should allow a 5d DSR-like representation of all scatter- 
ing amplitudes of quantum field theory. From the reverse 
point of view, it shows that amplitudes computed in QFT 
based on DSR could simply be equivalent to standard 
QFT. To evade such a no-go theorem about DSR, we see 
two alternatives: 

• DSR relaxes the K-shell condition, either by allow- 
ing k to vary or by allowing tta^ A not to be fixed 
at ±k 2 . In this case, DSR will truly be a 5d theory 
based on a physical 5d momentum n^. 

• The deformation of the scattering in DSR is not 
strictly contained in the Feynman propagator but is 



due to a modification of the interaction vertices. In 
algebraic terms, we deform the co-product dictating 
the law of addition of the moments (l2| . 

These two viewpoints do not exclude each other. 

VI. ORDERED OBSERVABLES AND 
FEYNMAN DIAGRAMS 

Other useful relational observables are the ones record- 
ing whether the particle went through a given fixed space- 
time point along its trajectory. Let us introduce the 
phase space distribution: 




where x^(t) = exp(-r{H, -}/2) x^ = x^ + rp^. The 
factor m is here for dimensional purposes. It is straight- 
forward to check that this is a Dirac observable. Carrying 
out the integration in xq, this observable reads as: 

0, = ^<i< 3 > (#«(*)), (54) 
Po 

where we have defined the boost vector Ki(z) = po(xi — 
Zi)-pi(xo—zo). Note that Ki(z) = joi — {poZi — piZo). We 
can easily compute the Fourier transformed observable: 

O q = J d^ze tq - z O z = e lq - x 5 . (55) 

We quantize this operator by splitting the exp(iq.x) into 
two and we define: 

O q \P) = S( ^ P+ J ) ' q ^j \P + D- (56) 

Due to the chosen ordering, this operator is still a Dirac 
observable at the quantum level, i.e it commutes with 
the quantum operator p 2 and leaves invariant the Hilbert 
of physical state (annihilated by p 2 — to 2 ). Indeed, the 
5-function, 

m 2 5((p+ q -) .q)=2m 2 S((p + q) 2 -p 2 ), 

imposes that (p + q) is on the same mass-shell than p. 
Finally, reversing the Fourier transform, we define the 
quantum operator: 

6 z \p) = f dr f dqe~ lq '\ Z ~ T ^J \p + q). (57) 

JR J 

The I shift in the exponential is due to the quantum 
ordering. 
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An interesting related phase space function is denned 
by restricting the range of r- integration to M + : 



Taking the Fourier transform, we define: 



<£ze iqz T z 



im 



q.p + ie 



(58) 



(59) 



where e > regularizes the r-integration. The JF's are 
not Dirac observables but their Poisson bracket with the 
Hamiltonian constraint generates the plane waves 7 : 



{H,T q } = 2me lqx . 



(60) 



We quantize T q using the same ordering as for O q split- 
ting the translation e lqx into two halves: 



im 



q. (p + |) + le 
2im 



-\p + q), 



{p + qf 



- jr 



\p + q). 



(61) 
(62) 



Its commutator with the Hamiltonian generates simple 
translations in the momentum space: 



H,T„ 



\p) = 2im \p + q). 



(63) 



It is straightforward to generalize to observables 
recording whether the particle went through a certain 
number of space-time points, z l , ordered in time: 



~ n 

/n d ^ (4 w^)-4)- 



(n) 

We define O zi for a range — oo < t\ < .. < r„ < +oo 

and for the restricted range < t\ < .. < t„ < +oo. 
We compute their Fourier transform, now depending on 
n momenta q l : 



Q{n) = m n 5(p.Q 1 )e^- ( i 



(n) _ (im) n e ix - Ql 



°? = -^5{p-Qiy x - q ^ y z\ 



(n-l) 



7 We also compute the bracket of the plane waves with T: 
(q.p + le) 1 m H 



where we have defined the momenta Qj = Y^i=j 1 % - 

is obviously once again a Dirac observable. As for the 

Fs, it is straightforward to compute: 



2me l 



(n-l) 



(64) 



At the quantum level,we similarly define the operators: 



|p) - 



(im) n 



UU (Qj-(p+^)+ie) 



\p + Qi). (66) 



This leads to the same tower of operators with the fol- 
lowing commutators: 

[H,T {n) ] = 2mT,if<"- 1 ), 

where T q is the momentum translation by q. 

The one-loop Feynman diagram with two external legs 
can be extracted from: 

J d*s(p\d g % r ,_ s \p), (67) 

where p is a reference vector on the mass-shell. Indeed 
up to the e regulator, this is equal to: 

(2to) 4 (5 w (q + r) 2 I 2 (r), 



(p + r) 2 -p 2 



,M = / 



d 4 s 



((r + s) 2 — p 2 )(s 2 — p 2 ) 



Setting p 2 = to 2 , we obtain the one- loop Feynman am- 
plitude with two legs for a massive scalar field, up to 
a normalization factor l/((p + r) 2 — p 2 ). We can fur- 
ther get rid of the S((p + q + r) 2 — p 2 ) which leads to a 
singular result by equivalently considering the operator 



J d 4 s (p \e^ 3 l_ s \p) = 5< 4 >(g + r) 



{2imf 



(p + r) 2 — p 2 



(68) 

Note that despite the fact that we are using T, that 
operator still defines a Dirac observable since ~ 
expiix.q)^ 1 - 1 ^. 

The physical interpretation of O^l a is as follows, 
bincc we arc dealing with we are constraining the 

particle to go through four fixed space-time points ordered 
in time along the particle trajectory. However, due to the 
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identification of the moments s <-> — s, the two last points 
are actually identified to the two first points, so that the 
particle does a time-like loop, going through a point z\ 
then through a point z-i then point z\ again and point zi 
again. This graph exactly draws the one-loop Feynman 
diagram with two external legs. 

This can be generalized to all Feynman diagrams. This 
shows that the quantum field theory scattering ampli- 
tudes can be expressed as expectation values of the 0^ n > 
Dirac observables (for a single relativistic particle). 

Let us conclude this section by the following remark. 
If we were to define the O observables using the Dirac 
observables (r) instead of the coordinates (r) , 



its Fourier transform O q would not change at all, 



a 



d 4 ze iqz O z 



„<</ 



Vm z / 



a 



(69) 



and the whole following construction would be identical. 
It is thus possible to construct the Feynman diagram eval- 
uations from expectation values of the X^ (T) Dirac ob- 
servables. We believe this can be applied in order to 
define the Feynman amplitudes for DSR. Following [2j, 
the main ingredient would be a modified Fourier trans- 
form reflecting that the momentum space is not the flat 
Minkowski space but is not curved. 



VII. THE PARTICLE WITH SPIN 



where A is the norm of the spin. This formalism can be 
entirely derived from a Lagrangian 8 . 

Dirac observables now need to commute with all 6 
constraints. The algebra of observables is now gener- 
ated by the momentum p^ and the Lorentz generators 



We actually recover the Poincare alge- 



bra. Let us notice that the spin is not an observable 
although it is a constant of the motion (since it com- 
mutes with the Hamiltonian constraint H generating the 
trajectories and doesn't with O m ). 

It is still straightforward to construct the coordinate 
Dirac observables. And we define the position observables 
in term of a time x ■ v. 



p ■ v 



*2-(T-x- 
p ■ v 



v) + 



and in term of the time D: 



v 

(73) 



X^ = 



L^ v p u + Tp^ 
P 2 



D) 



(74) 



which is weakly equal to the spinless case, 
the spinless case, we obtain: 



Similarly to 



{A M , X v } — — 



L 



P 



i"' 

2~ 



p2 



P 



1 1 v 



The spin s creates an additional non-commutativity. 
Another useful Dirac observable is the Pauli vector: 

= e^ p p u L x P = e^xpP^s^. 

behaves as a vector under Lorentz transformations. 
Its norm W^W 11 is the second Casimir of the Poincare 
algebra: W^W 11 = m 2 X 2 . We have the following Poisson 
brackets: 



{W,p} = 0, {W fl ,X v } = 



PliWy 



A. Dirac observables 

In this final section, we investigate if including spin will 
change the analysis of the algebra of Dirac observables of 
the relativistic particle. A massive spinning particle is 
defined by the phase space ix^p^s^y). The Poisson 
bracket still defines x and p as canonical variable. The 
Spy commute with x and p and form a Lorentz algebra, 
i.e. have similar brackets as j^v 

The constraints on the 

phase space are now: 

H = p 2 - m 2 (70) 
N = \s^ + X 2 (71) 
O" = p^ v , (72) 



We consider a matrix A £ SOo(l, 3)) and define the momentum 
and the spin as: 

p M = mA M o, is Ml/ J Ml ' = -is = AA _1 Ji 2 A, 

where J MJ/ are the Lorentz generators in the fundamental repre- 
sentation in term of 4 X 4 matrices. It is easy to check that s 
explicitly reads as: 

s,j,u = A(A M iA J/2 - A m2 A„i). 

Then we introduce the action: 

S = J dT P f *x fJ ,-i^Tr(J 12 A- 1 A). 

It is straightforward to check that the spin term in the Lagrangian 
is ■j(A M 2A /J i — A M iA M 2), so that the resulting symplectic struc- 
ture is simply {A M i,A„2} = From there, it is obvious that 
the s's form a Lorentz algebra under the Poisson bracket. 
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Let us also point out the identity: 

Next, we can introduce Dirac observables for the spin. 
As Sfn, commutes with H and N, we only need to take 
care of the constraint O m and gauge fix it. Thus we in- 
troduce the following Dirac observables labelled by an 
arbitrary fixed vector a M : 

= s M „ + (Xft - a M )p„ - [x v - a v )p^ (75) 

which gives s M „ when x^ — a M . These observables sffi 
satisfy the same brackets as and also form a Lorentz 

algebra. Moreover sffi act as the Lorentz generators on 
the momentum vector p M . 

We can remove the dependence on an arbitrary fixed 
vector and render the expression covariant by using 
the Dirac observable X^. Thus we introduce our spin 
Dirac observable: 

Sfiu = L^ u — (X^pv — Xup^) 

= V + - X^)p v - [x v - X v )p^ 

= + i {O^pv - OvPn) , (76) 

which is actually weakly equal to the spin s^u itself. 
Moreover {S,p} = and the Poisson brackets of the S"s 
form the Lorentz algebra on-shell (off-shell, we get a few 
O Ap terms). 

B. Spin-induced non-commutativity 

One can compute the algebra of constraints of the rel- 
ativistic spinning particle and we found: 

{H,O li } = {N,O tt } = {H,N} = 0, 

{0 M O u ] = p 2 s l _ LU + {O^pv - OvPn) = p 2 S li w (77) 

So H and N are first class constraints, while the O^'s 
are second class constraints. One can thus introduce the 
Dirac bracket taking the constraints M = into account. 
Noting = {OfijOu} the Dirac matrix, we can com- 
pute its inverse: 

'*->'"" (78) 

with ±eAA = \p A eSS = \p A ess. We define the Dirac 
bracket as: 

{/, g} D = {/, g} - {/, 0^- l Y v {O v , g}. 



Since {a^Oj,} = s^u and {p^,O v } = 0, it is straightfor- 
ward to compute 9 : 

{Xf^p^o = ?7 PI ,, {p^,p„}d = 0, 



{Xp,X v }n = 7T-2 S »v + <i>nu(O a ). (79) 
zp 

We see that the spin of the particle induces a non- 
commutativity of the particle position algebra at the clas- 
sical level. 



C. About the quantification of the Dirac 
observables 

The Dirac observables (L,X) form as in the spinless 
case a so(4, 1) algebra under the Poisson bracket. The 
quadratic Casimir C2 — hLL — p 2 XX can be computed 
exactly on-shell and we obtain C2 = —T 2 — \ 2 . The 
quartic Casimir C4 = w^w^ is defined in term of the 
vector: 

= e ltafh X a (T)Lf > 'i. 

One can check that C4 ^ unlike the spinless case. 
This means that we are not restricted to simple repre- 
sentations anymore as in the spinless case: we need to 
consider all functions L 2 (SO(l,4)) and we can not re- 
strict ourselves to the 5d light cone. Thus, in the case of 
the spinning particle, we are necessarily led to work with 
a 5d representation of the Dirac observables. 

Conclusion 

We have looked at the relativistic particle from the 
perspective of its algebra of (Dirac) observables. We 
have identified a set of Lorentz covariant position ob- 
servables, which turn out to be non-commutative. This 
non-commutativity reflects the fact that one can not lo- 
calize a massive quantum particle with a precision better 
than its Compton length. We then showed that the par- 
ticle admits in this context a natural representation in 
five dimensions and could be quantized in terms of wave 
functions on the 5d light cone. This allows a direct com- 
parison with the free particle in DSR (e.g. [6j), which 



9 The function of the constraint O a appearing in the bracket {x, x} 
is: 

«*( east t 
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evolves in a non-commutative space-time and whose mo- 
mentum lives in the curved de Sitter space. Moreover, it 
turns out that the 5d light cone formulation is subject to 
divergencies, which are naturally regulated by DSR. This 
allows a clear understanding of how DSR arises as an ex- 
tension of Special Relativity. In particular, it lead us to 
an interpretation of the fifth coordinate as proper time 
and of the fifth moment as generating the Hamiltonian 
flow of the particle. 

The case of the spinning particle deserves more atten- 
tion. We have showed that the spin induces an extra 



non-commutativity of the space-time coordinates. This 
complicates the quantization of the algebra of observables 
and a full analysis of the 5d representation of the spinning 
particle is still under investigation. 

Finally, we also described a new representation of the 
Feynman diagram evaluations in term of Dirac observ- 
ables. We now hope to extend this approach to DSR and 
use these new tools in order to build the scattering ampli- 
tudes and S-matrix of a Quantum Field Theory in DSR 
in a consistent way. 
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